In this paper we propose a new class of Dynamic Mixture Models (DAMMs) being able to sequentially adapt the mixture components as well as the mixture composition using information coming from the data. The information driven nature of the proposed class of models allows to exactly compute the full likelihood and to avoid computer intensive simulation schemes. An extensive Monte Carlo experiment reveals that the new proposed model can accurately approximate the more complicated Stochastic Dynamic Mixture Model previously introduced in the literature as well as other kind of models. The properties of the new proposed class of models are discussed through the paper and an application in financial econometrics is reported.
Introduction
Mixtures of distributions are extremely diffused parametric tools used to model non-Gaussian shapes that usually characterise empirical data. A great level of flexibility can be achieved in Mixture Models (MM) by appropriate choices of the mixture components distributions. Moreover, the mixture components can also be adaptive with respect to the new information as usually happens in linear and generalised Mixture Models, see e.g. Bishop (2006) . Within the context of MM, also the mixture composition can be allowed to evolve over time, this class of models is usually identified as Dynamic Mixture Models (DMM), see e.g. Yu (2012) . DMM have been successfully applied in process monitoring (Yu, 2012) , intervention detections (Gerlach et al., 2000) , insurance losses (Frigessi et al., 2002) and graphical engineering (KaewTraKulPong and Bowden, 2002; Xie et al., 2005) . A drawback of DMM is that, when nonlinear non-Gaussian specifications are assumed for the mixture components and for the evolution of the mixture composition, classical inference cannot be applied anymore, see e.g. Gerlach et al. (2000) . Usual solutions relay on computer intensive Markov Chain Monte Carlo (MCMC) simulation schemes to carry out Bayesian inference which highly reduce the attractiveness of such models and their implementation in commercial softwares, see e.g. Gerlach et al. (2000) , Yu (2012) and Billio et al. (2013) .
In this paper we follow a different approach to model the time evolution of the mixture component distributions as well as the mixture composition in a fully observation driven framework (Cox et al., 1981) . We build our model starting from recent advances in Score Driven models, see e.g. Harvey (2013) and Creal et al. (2013) . In Score Driven models, the latent dynamic parameters are updated using an adequate forcing variable based on the score of the conditional distribution. In our context, the mixture components can be chosen to be any parametric distribution with the possibility of allowing for time variation in the full set of parameters of each component. We also allow for the mixture composition to be sequentially updated using the information contained in data. We call this class of models Dynamic Adaptive Mixture Models (DAMMs) given their high flexibility in terms of possible dynamic parametric assumptions and their ability to sequentially adapt the mixture composition. As extensively discussed by Koopman et al. (2015) , the use of the conditional score in order to pool the information coming from the data into new updated parameters, results to be extremely flexible. Indeed, they found that robust score-based filters well approximate unobserved dynamics generated from nonlinear non-Gaussian state space models and other kinds of models.
Usually, in applications that exploit mixture of distributions as parametric tools, one of the main inferential objective is in terms of clustering results, see e.g. McLachlan and Peel (2000) . Also within the context of Markov Switching (MS) models, empirical results are often given in terms of decoding for the latent unobservable regimes, see e.g. Hamilton (1989) , Cappé et al. (2005) and Frühwirth-Schnatter (2006) . However, given the dynamic evolution of each component of the mixture, the use of DAMM is not limited to this type of applications. Indeed, one of the main scope of DAMM is to adaptively represent the dynamic composition of the mixture, and not to uniquely identify regimes or structural changes affecting the data. However, if the underlying data generating process behaves as usual MS processes, then DAMM can easily accommodate this feature. In order to demonstrate the flexibility of DAMM we perform an extensive Monte Carlo experiment composed by four parts. In the first part, we aim to approximate the first two conditional moments as well as the dynamic mixture composition generated by a Stochastic DMM (SDMM) similar to that of Yu (2012) . In this respect, our experiment is similar to that performed by Koopman et al. (2015) in the context of filtering state space models using Generalised Autoregressive Score (GAS) models, a theoretical treatment of this interesting topic is reported by Harvey (2013) . The second and the third parts, similarly to Engle (2002) and Creal et al. (2013) , focus on filtering several artificial patterns assumed for the correlation and the mixture composition of conditional random variables. In the last experiment we investigate the cost, in terms of precision loss in filtering conditional correlations, of model misspecification.
Our results suggest that DAMMs are able to adequately approximate the highly nonlinear dynamics generated by the SDMM and the artificial correlation and mixture composition patterns better then competitive models. To further investigate the properties of the proposed DAMMs, we also report an empirical application in financial econometrics. Specifically, we estimate several univariate and multivariate DAMM specifications to a panel of financial returns. The specifications we consider differ in terms of parametric assumptions and dynamic properties of the conditional distribution. In sample and out of sample comparative results are given in terms of goodness of fit and predictive ability of the marginal and joint conditional distributions. We found that DAMMs outperforms competitive GARCH/DCC models in both cases.
The paper is organised in the following manner. Section 2 describes the DAMM and details the updating mechanism for the mixture component distributions and the mixture composition. Section 3 reports several univariate and multivariate DAMM specifications that can be used in relevant empirical applications. Section 4 reports the Monte Carlo experiments.
S J × Ω 1 × · · · × Ω J , we model the unconstraint vector of parametersθ t = ω t ,θ j , j = 1, . . . , J defined on J−1 × d 1 × · · · × d J . To this end, we reparametrise the conditional distribution (1) intõ p y t |,θ t , where henceforth the dependence from F t−1 has been omitted for notational purposes.
In the SDF, the quantity of interest is the score of the conditional distribution given bỹ
which enters linearly as a forcing variable into the dynamic updating equation ofθ t , i.e.
where κ is a J − 1 + J j=1 d j = L-dimension vector and A and B are L×L matrices of coefficients that need to be estimated. Since we are modeling the unconstraint vector of parametersθ t and {∇ θ t |y s , s > 0} forms a Martingale Difference Sequence, we only need to impose that the eigenvalues of B lies inside the unit circle to ensure weak stationarity of the process {θ s , s > 0}.
Constraints on the number of free parameters that are present in κ, A and B can be imposed in order to avoid problems of parameters proliferation, indeed, throughout the paper we will impose a diagonal structure for A and B. It is worth noting that, by a simple application of the chain rule, the conditional score with respect to the unconstraint vector of parameters∇ θ t |y t can be easily represented as the product between the transpose of the jacobian of the full mapping function J θ t and the conditional score evaluated with respect to the constraint vector of parameters ∇ (θ t |y t ), i.e.,
where with "full mapping function" we mean the vector-valued function Λ :
In our context, since the matrices A and B are diagonal, and the matrix J θ t is block diagonal, the dynamic updating equation (3) can be divided into J + 1 individual dynamics, i.e.
where all the symbols have the same interpretation as before, but are now related to each specific quantity of the model. The following Proposition will be necessary later.
be a vector of dimension D representing the score of g (x|φ), partitioned into ∇
Assuming g i (x|φ i ) ⊥ ⊥ g l (x|φ l ) , ∀ i = l, we have that
, i = 1, . . . , K , and
is the score of the i-th mixture component distribution.
Proof. (a) follows immediately, while for (b) we note that
and
2.1. Update the mixture composition
Several different choices are available in order to reparametrise and update the mixture weights ω t . For example, Billio et al. (2013) use the Logistic-Transformed Gaussian (LTG) weights, i.e. their mapping function is the vector valued function Λ LTG : J → S J , with j-th component given
, andω t ∼ N J (ω t |ω t−1 , Σ), with Σ be a proper covariance matrix.
This mapping and updating scheme assumes that the weights do not depend on the observable data.
Moreover, it results to be somehow overparametrised since it is always possible to find a mapping function defined on J−1 (instead of J ) with J − 1 free parameters, which maps in S J . We propose a convenient choice for the function Λ ω (·), given by
⊂ is a real-valued deterministic monotone twice differentiable mapping function such as the modified logistic λ [L,U ] 
. With these choices of Λ ω (·) and λ [L,U ] (·), the (j, h)-th element of the J ×J −1 jacobian matrix J ω (·) is given by
The score of (1) with respect to the mixture weights parameters follows from Proposition 2.1 and is given by
, j = 1, . . . , J , i.e. its j-th component is given by the ratio between the mixture distribution and the j-th component distribution. It is interesting to note that, the SDF naturally suggests to update the weights dynamics using the information contained in the density ratio adjusted for the chosen reparametrisation of ω t , i.e. J ω (ω t ) ∇ ω (ω t |y t ). This mechanism implicitly moves the mixture composition to the region of higher probability mass at each point in time t, and strongly differs from the pure Random Walk assumption implied by Billio et al. (2013) .
Update the mixture components
If we assume no ordering restriction to the mixture distribution, the matrix J θ t turns out to be block diagonal with respect the sub-matrices J j θ j,t , j = 1, . . . , J, and hence, the dynamic updating equation forθ t can be divided into J dynamics for eachθ j,t plus the dynamic forω t .
This feature of the model also permits to easily parallelise the update ofθ t . 1 As for the update of the mixture composition, the reparametrised mixture component parametersθ j,t j = 1, . . . , J are updated using the conditional score of the reparametrised mixture distributionp y t |θ t with respect to the vectorθ j,t , given by J j θ j,t ∇ j (θ j,t |y t ) where,
follows from Proposition 2.1, and ∇ p j (y t |θ j,t ) = ∂ ln p j (yt|θj,t) ∂θ j,t is the score of the j-th mixture component. The updating equation for the j-th mixture component parameters can be written
where
1 Sometimes, In real applications, it can results to be quite restrictive. Indeed, within the context of (Hidden) Mixture Models, it is often desirable to identify the mixture component parameters using some predefined schemes based on previous knowledge. For example, in the financial markets, during periods of high volatility also the correlations between firms tend to be higher and vice versa. This situation would suggest an ordering of the mixture components variances and correlations. If this is the case, the matrix J θ t is no longer block diagonal and the J dynamics for the mixture components parameters cannot be divided anymore. Clearly, this kind of assumptions can be easily incorporated in DAMM imposing a different parametrisation. For simplicity, in this paper we will ignore this possibility.
is the relative contribution of the j-th component to the mixture density at time t conditionally on past information. It is worth remarking that, equation (15) is very similar to that usually found in Score Driven processes. Indeed, if J = 1, we recover the Generalised Autoregressive Score (GAS) and
the Dynamic Conditional Score (DCS) models with identity scaling matrix of Creal et al. (2013) and Harvey (2013) , respectively. However, in our context, the mixture assumption naturally suggests to scale the score contribution in a way that accounts for the relative importance each mixture component has at time t. Interestingly, a similar result has been found by Bazzi et al. (2014) in their Time Varying
Hidden Markov Model. Furthermore, thanks to the use of the conditional score, DAMMs share the same "robustness" properties of classical Score Driven models and can be easily developed starting from that specifications, see e.g. Koopman et al. (2015) . It follows that, the DAMM embeds a rational learning mechanism for updating the mixture components parameters. Indeed, we do not need to impose any arbitrary learning mechanism such as the one detailed in Billio et al. (2013) , simply because for DAMMs it emerges naturally. This implied learning mechanism ensures that the new information contained in the data is shared across the mixture components proportionally to its relative relevance. Indeed, if we are sure that a new observation has been generated from a particular component of the mixture, DAMM will update the parameters of that particular component leaving the others unchanged simply due to the lack of relevant information. We believe that this point is of primary importance and it is quite often neglected especially for Markow Switching models with dynamic state-dependent densities. For example, in models such as the MS-GARCH of Haas (2006) ,the MS-Copula of Fei et al. (2013) , the SGASC of Bernardi and Catania (2015) and the MS-VAR of Krolzig (1997) , past observations are treated equally across the latent markovian states. Two notable exceptions are the MS-GARCH specifications of Gray (1996) and Klaassen (2002) where, in order to solve the "path dependence problem", the state dependent GARCH specification is scaled using the predicted and filtered state probabilities, respectively. Even if these ad hoc solutions are developed with a different scope, their consequences are quite similar to those naturally implied by DAMMs.
Concerning the estimation of DAMM, it can be easily performed using the Maximum Likelihood (ML) estimator as detailed in the technical report "Maximum likelihood estimator for generalised autoregressive score models" by F. Blasques, S.J. Koopman and A. Lucas, available at http://papers.tinbergen.nl/14029.pdf, see also Blasques et al. (2015) . However, as usually happens when mixtures of distributions are employed, problems of multimodality of the likelihood can arise, hence good starting values and multiple tries are required. We suggest to initialise the algorithm using the estimates delivered by a static Mixture models estimated by the EM algorithm, as suggested by Yu (2012) in a similar context. The supplementary material accompanying this paper reports a simulation study on the finite sample properties of the ML estimator for the class of DAMMs.
DAMM specifications
In this Section we report four different DAMM specifications that can be used in empirical works.
Specifically, we report two univariate specifications for dynamic mixtures of univariate Gaussian and Student-t distributions as well as two specifications for dynamic mixtures of multivariate Gaussian and multivariate Student-t distributions and their related copulas. It is worth remarking that, the updating of the mixture composition is not strictly related to the choice of the mixture components, so the arguments presented in Subsection 2.1 do not account for the specific model parametric form.
Univariate DAMM specifications
Since the dynamic updating equation for each reparametrised mixture component vector of parametersθ j,t , only depends on the chosen mapping functions Λ j (·), and the score of the mixture component distribution, we only need to specify the jacobian matrices J j θ j,t and the scores vectors ∇ p j (y t |θ j,t ), for j = 1, . . . , J, to fully characterise the updating scheme reported in equation (15).
Specifically, if we assume that the univariate observation y t ∈ is conditionally distributed according to a mixture of J Gaussian distributions, i.e.
where θ j,t = µ j,t , σ 2 j,t contains the mean µ j,t and variance σ 2 j,t , of the j-th Gaussian density p j , one can easily reparametrise the vector θ j,t employing the mapping function
which implies the jacobian matrix
Finally, the score vector for the j-th Gaussian component is given by
and the dynamic updating equation forθ j,t = µ j,t ,σ 2 j,t , is simply given by
where, as stated before, a diagonal structure for the matrices A j and B j has be imposed.
If we believe that a mixture of Gaussian distributions is not suited for the available time series, we can consider a DAMM specification with Student-t mixture components. In this case, we can assume p j to be a Student-t distribution with mean µ j,t , scale ψ j,t and shape ν j,t parameters, and define the vector θ j,t = (µ j,t , ψ j,t , ν j,t ) , such that Λ j θ j,t = θ j,t . In this case, if we want that y t maintains well defined first and second conditional moments, we can define Λ j equals to
Finally, the score vector for the j-th Student-t component is given by
and (x) is the digamma function. It is worth noting that, the dynamic features of the model should be tailored to the statistical properties of the considered time series. Indeed, if we do not believe that such a rich parametrisation is required by the data, restrictions on the coefficients that determine the updating of θ j,t can be imposed. For example, the coefficients α ν j and β ν j , for j = 1, . . . , J, may be constraint to zero in order to avoid time variation in the mixture components shape parameters.
Multivariate DAMM specifications
The extension to the multivariate case y t ∈ d is straightforward. Suppose that y t is conditionally distributed according to a mixture of J multivariate Gaussian distributions, with mean vector µ j,t and covariance matrix Σ j,t , for all j = 1, . . . , J. It is convenient to employ the following decomposition of the covariance matrix
where D j,t = diag (σ j,t ) and σ j,t = (σ j,i,t , i = 1, . . . , d) , where σ j,i,t is the conditional standard deviation of y i,t conditionally on p j . Let define ρ j,t = vechd (R j,t ) where vechd (X) is the vech operator without considering the diagonal elements of X. The (2d + d (d − 1) /2)-valued vector of time varying parameters for the j-th mixture component is θ j,t = µ j,t , σ j,t , ρ j,t and its reparametrised version is given byθ j,t = µ j,t ,σ j,t ,ρ j,t . Under this parametrisation, the only difficult task is to define a mapping function that mapsρ j,t into ρ j,t such that R j,t = vechd −1 ρ j,t is a symmetric positive defined correlation matrix, since the exponential mapping function can still be used for the components ofσ j,t . We suggest to use the hyperspherical coordinates reparametrisation for the correlation matrices R j,t , j = 1, . . . , J as in Creal et al. (2012) and Jaeckel and Rebonato (1999) . Specifically, we define Λ j ρ :
where Z ρ j,t is a d × d upper-triangular matrix, that is,
2 here x * denotes the conjugate transpose of x where c j,lk,t = cos (ρ j,lk,t ) and s j,lk,t = sin (ρ j,lk,t ), whereρ j,lk,t is the (l, k)-th element ofR j,t = vechd −1 ρ j,t . Consequently, the mapping function forθ j,t is given by
which implies a jacobian matrix equals to
where D (σ j,t ) = diag (exp (σ j,i,t ) , i = 1, . . . , d) and J j ρ ρ j,t is defined in Creal et al. (2012) .
The score of the j-th component mixture distribution can be partitioned in
ι i is a vector of zeros with 1 at its i-th element and U i,l is a matrix of zeros except for its (i, l)-th element which is one.
In a multivariate context, the role of the tail dependence implied by the joint distribution is of primary importance, see e.g. McNeil et al. (2015) . The multivariate Student-t distribution is usually employed to deal with the tail dependence and the fat tails that usually characterise the data, especially in the financial literature. In out framework, we can assume that y t is conditionally distributed according to a mixture of multivariate Student-t distributions with j-th component given by
where µ j,t is a vector of location parameters, ζ j,t is the shape parameter and Σ j,t is a proper symmetric positive definite scale matrix. As for the multivariate Gaussian case, it is convenient to decompose
where Ψ j,t = diag ψ j,t is a diagonal matrix containing the individual conditional scale parameters ψ j,t = (ψ j,i,t , i = 1, . . . , d) , and R j,t is the correlation matrix associated with the j-th mixture component. Consequently, the j-th vector of parameters at time t is given by
Following the same arguments of the multivariate Gaussian case, we can define the reparametrised vector of parametersθ j,t = μ j,t ,ψ j,t ,ρ j,t ,ζ j,t , as well as the mapping function
with associated jacobian matrix given by
Note that, the choice of the scalar c may influences the existence of the moments of the conditional distribution of y t , indeed, if the existence of the second conditional moment is required, the condition c > 2 should be imposed. The score of the j-th component mixture
is the digamma function and ι i and U i,l are defined under equation (30).
Since the number of parameters for the multivariate DAMM specifications may became very large when d growths, resulting in longer estimation time and higher computational efforts, we can decide to employ a copula specification for the conditional distribution of y t , and exploit the two step estimation procedure for conditional copulas detailed in Patton (2006) . Here, we present the DAMM specification with t-copula mixture components and recover the mixture of Gaussian copulas specification as a special case. Let u t = (u i,t , i = 1, . . . , d) be the vector collecting the Probability Integral Transformations (PITs) of y i,t , i = 1, . . . , d according to their marginal distributions
In our context, the marginal distributions are freely defined, for example each f i can be represented by a proper univariate DAMM specification. Exploiting the Sklar (1959)'s Theorem we can define the conditional density distribution of y t as the product between the conditional density distribution of the copula c (u t |∆ t , ζ) and the conditional marginal density distributions. Under the DAMM specification with t-copula mixture components we assume that
is the t-copula density given by
is the cumulative density function of a standard Student-t distribution with ζ c j degree of freedom. It is worth remarking that c (u t |·) is a mixture of copulas, and that mixture of copulas are copulas themselves, see e.g. Durante and Sempi (2015) . Similarly to the previous multivariate cases, we can define ρ j,t = vechd (R j,t ) and, since the only mixture component time-varying vector of parameters is ρ j,t , we can set θ j,t = ρ j,t and consequently employ the mapping function Λ ρ j (·) defined in equation (26) in order to define θ j,t = Λ ρ j θ j,t . In this case, the jacobian matrix is given by J j ρ ρ j,t , and the score vector by
where we note that, for ζ j → ∞ we recover the multivariate Gaussian case. It is worth adding that, for this DAMM specification, the j-th mixture components parameter ζ c j is not allowed to evolve over time since the score of the t-copula density with respect to ζ c j is not available in closed form and requires a step of numerical integration. This limitation derives from the way the parameter ζ c j enters into the conditional t-copula density function reported in equation (42).
Simulation studies
To demonstrate the flexibility of DAMMs to represent complicated nonlinear dynamics for the means, variances and correlations of random variables, we report four simulation studies. In the first experiment we focus on the ability of DAMMs to approximate the first two conditional moments as well as the conditional distribution of a DMM specification similar to that of Gerlach et al. (2000) . In the second experiment we focus on the correlation dynamic of a bivariate stochastic vector reporting an experiment similar the study conducted by Engle (2002) , while in the third experiment we focus on the ability of DAMMs to adapt to changes in the conditional mixture composition. Finally, in the last experiment we focus on the cost, in terms of filtering precision, of misspecification within various DAMM specifications.
DAMMs as filters for Stochastic DMMs
We aim to approximate the first two conditional moments as well as the conditional distribution generated by the model
where ω 1,t = 1 1+exp(−ωt) , ω 2,t = 1 − ω 1,t and σ 2 j,t = exp σ 2 j,t , for j = 1, 2, and
where all the innovations are mutually independent for all t. We label this model SDDM. According to (44) we have that the conditional mean E (y t |θ t ) and the conditional variance Var (y t |θ t ) of y t are
where θ t = ω j,t , µ j,t , σ 2 j,t , j = 1, 2 . In order to approximate the first two conditional moments of (44) we specify a DAMM specification with J = 2 Gaussian components. Formally, the approximating model for (44) is
where ω 1,t = 1 1+exp(−ωt) , ω 2,t = 1 − ω 1,t , and σ 2 j,t = exp σ 2 j,t , for j = 1, 2, and
where p j y t |µ j,t , σ 2 j,t is the density of a Gaussian random variable with mean µ j,t and variance σ 2 j,t , for j = 1, 2, evaluated at y t . The j-th dynamics for the conditional mean and the reparametrised conditional variance are the reported in equation (21), setting J = 2.
To perform our experiment we simulate a path of length T = 10000 for θ t from (45), then, for each t = 1, . . . , T , we simulate from (44) 
where z s,t = y t − µ s,t and |φ s | < 1, ω s > 0, α s + β s < 1, α s > 0, β s > 0 for s = 1, 2 are imposed to preserve weak stationarity of the process and to ensure the positiveness of the second conditional moment of y t . In equation (49) S t represents an integer valued stochastic variable defined on the discrete space {1, 2} that follows a first order Markov chain with transition probability matrix
is the probability that state k is visited at time t given that at time t − 1 the chain was in state l, and initial probabilities vector δ = (δ s , s = 1, 2) , δ s = P (S 1 = s), i.e., the probability of being in state s at time 1, see e.g. Hamilton (1989) and Dueker (1997) . Conditional on F t−1 , the distribution of y t is a mixture of two Gaussian distributions
where P (S t = s|F t−1 ) for s = 1, 2, are the predicted probabilities evaluated using the Hamilton filter, see e.g. Frühwirth-Schnatter (2006) 
where p (y t |θ t ) represents the true density of the SDMM specification reported in equation (44) Table B .1, we also note that the median AKL divergence between the true and the estimated conditional densities of the DAMM specification is substantially lower than those evaluated according to the MSARGARCH and MMR models. This result suggests that the DAMM specification is more adequate to approximated the conditional densities implied by a SDMM specification and confirms the previous findings of Koopman et al. (2015) for the DAMM specification here considered. To conclude our analysis, in Figure A .1 we report the real as well as the median across the B estimates for the conditional mean, the conditional variance and the mixture weight at each point in time t. We note that, even if the estimated model is highly misspecified, the DAMM is able to accurately represent the dynamic of the first two conditional moments generated from the SDMM reported in the first and second panels of Figure A .1, respectively. Furthermore, also the mixture composition dynamics reported in the third panel of Figure A .1 is accurately approximated by the DAMM specification.
It is worth stressing that, in this MC experiment, DAMM are found to be able to approximate the conditional mean and the conditional variance reported in equation (46), and not the mixture components parameters dynamic reported in equation (45). We like to emphasise that the processes {µ j,s , s > 0} and {σ j,s , s > 0}, j = 1, 2 cannot be properly estimated during periods when the mixture composition is highly shifted in favour of a particular component, this because, during those periods, most of the data are generated by the component with higher probability. Consequently, no relevant information is contained in the new data in order to update the parameters of the component with low weight in the mixture. As stated before, these kind of logical reasonings are quite neglected in the literature and most of the available models do not consider the possibility that, during some periods, they cannot update part of the latent processes. On the contrary, as previously detailed, DAMM naturally incorporates a rationale mechanism that addresses this particular issue.
Time varying correlations
Our experiment is designed similarly to that of the study conducted by Engle (2002) Step: ρ t = 0.9 − 0.5 (t > 500)
• Ramp: ρ t = mod (t/200)/200
We estimate by Maximum Likelihood the DAMM with two bivariate Gaussian mixture components to each series of simulated data. Consequently, we evaluate the ability of the model to track the dynamic correlation using the MAE and the MSE between the filtered and the simulated dynamic. We also specify the two constraint DAMM versions DAMM-ρ and DAMM-ω. The DAMM-ρ specification is defined as the DAMM but with constant state dependent correlations, i.e. ρ j,t = ρ j , j = 1, 2, while the DAMM-ω is again defined as the DAMM but with static mixture composition, i.e. ω t = ω, ∀t. For comparative purposes we benchmark the DAMM model with the Dynamic Conditional Correlation (DCC) model of Engle (2002) and to the Exponentially Weighed Moving
Average (EWMA) model defined as
where q ij,t is the (i, j)-th element of Q t and λ is set equal to 0.96, Q 1 is fixed as the empirical unconditional correlation of the series. For the DAMM specification we impose the mixture means and variances to be constant and centered at the values µ j,t = 0 and σ j,t = 1 for j = 1, 2 and t = 1, . . . , T . Similar constraints are imposed to the DCC model. Table B .2 reports the median MAE and the median MSE, across the B replications, for the three models and the seven correlation patterns. The results are presented relative to the DCC model. We note that the DAMM specification is preferred versus the considered alternatives in every case. More precisely, the unrestricted DAMM specification is preferred for the Sine, FastSine, Ramp and Model2 cases, the DAMM-ρ for the Const and
Step, while the DAMM-ω when the Model1 specification is assumed for the evolution of the conditional correlation. Generally, we found the DAMM specifications outperform the DCC and the EWMA models both under the MAE and MSE criterions.
Time varying mixture composition
Our third simulation experiment focuses on the ability of DAMMs to model the dynamic mixture composition generated according to several patterns. To this end we specify a mixture of two univariate Gaussian distributions with fixed means and variances, i.e. our DGP is of the form
where ω t evolves according to one of the following patterns:
• Constant: ω t = 0.9
• Sine: ω t = cos (2πt/200)
• Fast Sine: ω t = cos (2πt/20)
• Step: ω t = 0.9 − 0.5 (t > 500)
• Ramp: ω t = mod (t/100)/100
Model1 and Model2 are nonlinear first order autoregression with different standard deviations assumed for the innovations. According to the selected values of the innovation standard deviations,
the ω t process turns out to evolve more smoothly in the interval (0, 1) for Model1, and to display abrupt changes from 0 to 1 for Model2. We simulate T = 1000 observations from (56) assuming
that ω t evolves according to the seven considered patterns. Then we estimate the DAMM with two Gaussian components to the simulated observations and we store the filtered series for ω t . The procedure is repeated B = 500 times. We compare the DAMM filtered dynamics for the mixture composition parameter ω t with those delivered by a two regime Markov Switching model with timeinvariant Gaussian distributions in each regime (MS), and with the MMR model detailed in the first simulation experiment. For all the considered models, the values of the means and the variances of each Gaussian component distribution are fixed to the true values, i.e. for the DAMM specification we impose µ 1,t = −4, µ 2,t = 1, σ 2 1,t = 6 and σ 2 2,t = 3 for all t = 1, . . . , T . Table B .3 reports the median MAE and the median MSE, across the B replications, for the three models and the seven patterns for ω t . The results are presented relative to the MS model. Similarly to the previously reported correlation study, we found that the DAMM specification reports superior results for all the patterns assumed for the mixture composition parameter ω t . The only exception is when ω t follows the "FastSine" dynamic where the MS model marginally outperfoms the DAMM.
The costs of a wrong parametrisation for the conditional correlations dynamics
In our last simulation study we investigate the consequences of estimating a misspecified model to the dynamic conditional correlation of a four dimension random variable. Specifically, we specify four Data Generating Processes which only differs for the implied conditional correlation dynamic.
The experiment proceeds sampling B = 500 series of length T from one of the four considered DGPs, assuming that it is the true one, and then estimating the four DGPs on the simulated data. The experiment is repeated four times assuming at each time a different true DGP between the ones considered. We consider the following general parametric assumption for the conditional distribution
where R j,t , j = 1, 2 are full correlation matrices. The four DGPs are defined as
• DGP1: ω t and R j,t , ∀i = 1, 2 are updated using the score of the conditional distribution of y t as detailed in Sections 2 and 3.
• DGP2: equal to DGP1 but ω t = ω
• DGP3: equal to DGP1 but R j,t = R j , ∀j = 1, 2
• DGP4: assumes ω t = ω and R j,t = R j , ∀j = 1, 2.
Since the marginal distribution of the j-th component of the random variable y t is standard Gaussian, the model implied conditional correlation of y t is simply the averages across the correlations of the mixture components with weights ω t and (1 − ω t ), and it is indicated with R h t , for h ∈ {DGP 1, DGP 2, DGP 3, DGP 4}. We consider three different sample sizes: small (T = 500), medium (T = 1000) and moderately large (T = 2000) . Parameters values are fixed similar to that obtained in the empirical application assuming high persistence for the correlation matrices R i,t and the mixture composition parameter ω t . Results are given in terms of the average Frobenius norm of the matrix
represents the estimated implied correlation matrix at time t assuming the DGP k, when the true DPG is h, i.e. Table B .4 indicate the estimated models, while the columns indicate true DGPs from which the series have been generated. In order to facilitate the comparison, all the results are reported relative to the true DGP. We note that, when the true DGP is DGP1, there is no loss in specifying DGP2 when the sample size is small or medium and we have to pay about 5.5% in terms of estimate precision when the sample size is moderately large. The cost became of the order of 13% and 21.4% if we specify DGP3 or DGP4, respectively. Differently, if the true DGP is DGP2 and we estimate DGP1, for moderately large sample sizes, we do not pay the cost of the misspecification in terms of precision estimate of the conditional correlation dynamics. The results changes if we assume either DGP3 or DGP4. In these cases the cost of misspefication increases with the sample size. Specifically, if the true model is DGP3, we pay about 30% if we estimate one of the other considered DGPs. Generally, we found that if the sample size is small, it is better to not assume a highly parametrised model like DGP1, since the uncertainty in model coefficients will influence the resulting filtered correlation dynamics precision. On the contrary, if the sample size is moderately large, and the true DGP is DGP1 or DGP2, the cost of misspecification is low. Finally, estimating the wrong model when the true DGP is DGP3 or DGP4, has a relatively highly impact on the precision the filtered correlation dynamic. Engle (1982) and Tse (2000) , respectively.
Empirical application

In sample analysis
We compare univariate and multivariate DAMM with GARCH/DCC-type of specifications in an in sample analysis. Specifically, we estimate the DAMM with mixtures of J multivariate Gaussian distributions (DAMM(J)-mG), as well as with mixtures of J multivariate Student-t distributions (DAMM(J)-mT). We also include two DAMM copula specifications. The first assumes that the conditional joint distribution of returns at time t is a mixture of J Gaussian copulas (DAMM(J)-copG), while the second assumes a mixture of J Student-t copula (DAMM(J)-copT). The marginal specifications of DAMMs with copula distributions are given by univariate DAMMs with J Studentt distributions (DAMM(J)-uT) components. For all the considered specifications we impose that the mean of each mixture components is constant over time, but changes across the components.
The specifications that include univariate or multivariate Student-t distributions (DAMM(J)-mT, DAMM(J)-copT, DAMM(J)-uT) are imposed to have a constant shape parameter that changes across the mixture components. From an unreported analysis we found that, for the considered series, J = 2 is preferred for all the DAMM specifications, consequently, for the rest of the analysis we only consider these kind of models avoiding to report J = 2 in the model labels. We benchmark the proposed DAMM specifications with the GDCC model of Cappiello et al. (2006) which, similarly to DAMMs, allows for a heterogeneous behaviour of each conditional correlation to past information. As for the DAMMs we consider multivariate Gaussian (GDCC-mG) and Student-t GDCC (GDCC-mT), as well as GDCC Gaussian copula (GDCC-copG) and Student-t copula (GDCC-copT) specifications (Jondeau and Rockinger, 2006) . The marginal specifications of the GDCC-copG and the GDCC-copT specifications are given by univariate GARCH-T models of Bollerslev (1987) . All the models are estimated by Maximum Likelihood. The copula models are estimated exploiting the two step Inference Function for Margins (IFM) estimator detailed in Patton (2006) . The GDCC-mG model is estimated exploiting the two step estimator detailed in Engle (2002) , while the GDCC-mT is estimated maximising the full likelihood. For all the considered models, starting values are chosen by maximising the likelihood of their time-invariant version, such that, for example, for the DAMM(J)-uT we estimate a static mixture of J Student-t distributions. Estimated coefficients are omitted to save space and are reported in the supplementary material accompanying the paper. R and C++ computer codes are available from the author.
Univariate specifications
Here we assess the adequacy of the considered univariate specifications in representing the conditional distribution of the univariate returns series at each point in time. We compare the DAMM-uT and the GARCH-T models that will be employed for the rest of the analysis as the marginal specifications for the copula models, with their analogues Gaussian versions that we label DAMM-uG and GARCH-G, respectively. In order to investigate the dynamic properties of DAMMs, we also include in our univariate analysis constraint versions of the DAMM-uT and DAMM-uG.
Specifically, we consider models with time invariant mixture composition (ω), models with time varying mixture composition and time invariant mixture components (θ), and static mixture models Table B .5 reports the two information criteria AIC and BIC and the log likelihood evaluated at its optimum for all the considered univariate specifications.
We note that the DAMM-uT specification reports the highest log likelihood and is preferred according to the AIC for AAPL and GE, the GARCH-T model is always preferred according to the BIC except for GE, where the BIC favours the DAMM-uT-ω specification. We also note that, in almost every case, static mixture models (st) as well as constraints models (ω,θ) are suboptimal compared with their unrestricted counterparts according to both AIC and BIC. Concerning the adequacy of the distributional assumption of each model, we employ the same testing procedure of Diebold et al. (1998) , see also Jondeau and Rockinger (2006) and Bernardi and Catania (2015) . The procedure tests if the PITs according to the estimated conditional distributions are iid uniformly distributed into the interval (0,1). The "iid" part of the test consists of a Lagrange Multiplier (LM) test on the coefficient of determination of an autoregression of order 20 estimated on the k-th power of the estimated PITs. This test is labelled DGT − AR (k) for k = 1, 2, 3, 4, and is distributed according to a χ 2 (20) with a critic value of about 31.4 at the 5% confidence level. The test is is useful to investigate the presence of correlation of the k-th moment of the estimated PITs, see Diebold et al. (1998) . Table B .6 reveals the usefulness of accounting for time variation in the mixture components and in the mixture composition. Indeed, we note that the DAMM-uT specification is always able to adequately model the serial dependence that characterises the second and the fourth conditional moments of the considered series. Differently, the GARCH-G and the GARCH-T specifications result to be not able to totally explain the conditional variance of AAPL and WFC. It is interesting to note that, differently from the GARCH cases, where the LM test rejections occur under both the Gaussian and the Student-t assumptions for the conditional distribution of returns, the results of the DAMM-uG and the DAMM-uT are different. Indeed, the LM test for the DAMM-uT specification suggests to accept the null of correct specification of the second and fourth conditional moments for all the considered series. Differently, the LM tests for the DAMM-uG specifications are against the null for the WFC and the GE series. This apparently counterintuitive result is directly linked with the score updating mechanism that moves the conditional variance. Indeed, as detailed in Section 2 and in Creal et al. (2013) , the score updating mechanism uses the information coming from the full conditional distribution, and not only that contained in its expected value as happens in the GARCH case. This means that, if the conditional distributional assumption is appropriate, it is more likely that also the dynamic properties of the series are properly accounted for. To conclude the goodness of fit analysis, the fifth row of table B.6, named DGT − H, reports the test for the uniform assumption of the unconditional distribution of the PITs. We employ again the same testing procedure detailed in Diebold et al. (1998) and Jondeau and Rockinger (2006) . The DGT − H test statistic is approximately asymptotically distributed according to a χ 2 (19) distribution with a critical value of about 30.14 at a confidence level of 5%. We note that, the Gaussian distribution performs poorly in describing the conditional distribution of financial returns, while the Student-t is clearly more appropriate. We also found that, mixtures of Gaussian and mixtures of Student-t distributions are generally appropriate for financial returns if the dynamic feature of the considered series are taken into account. Specifically, we found that models with a dynamic mixture composition perform better than models with static mixture composition as it is possible to note comparing, for example, the DAMM-uG and the DAMM-uG-ω specifications. We note that, for AAPL and XOM, the mixture composition changed sharply, while for WFC and GE the change is more smooth. Concerning the second part of the sample, the mixture composition is more heterogeneous between the considered series. However, for all the considered series, the begin of the GFC implies an abrupt change in the mixture composition in favour of the second component.
Multivariate specifications
Similarly to the univariate analysis we compare multivariate DAMMs with GDCC models. The in sample comparison between multivariate models is reported in terms of goodness of fit considering the AIC and the BIC. The eight specifications we consider are M m = {DAMM-mG, DAMM-mT, DAMM-copG, DAMM-copT, GDCC-mG, GDCC-mT, GDCC-copG, GDCC-copT}, where the DAMM-copG and the DAMM-copT share the same univariate specifications which are DAMM-uT, while for the GDCC copula models the univariate specifications are assumed to be GARCH-T. Table   B .7 reports the AIC and the BIC for the eight multivariate specifications we consider. Similarly to the univariate analysis, we found that DAMMs report higher log likelihood values, and are always preferred according to the AIC versus their GDCC counterparts. According to the rank induced by the BIC, we found that the DAMM-gCop is preferred versus the GDCC-gCop, and that the DAMM-mG is preferred versus the GDCC-mG. Turning into a global comparison, we found that the DAMM-tCop reports the highest log likelihood and is preferred according to the AIC, while the GDCC-tCop is preferred according to the BIC. Conditional correlation are evaluated empirically based on 100'000 simulated draws from the joint conditional distribution implied by the DAMM-tCop and the GDCC-copT specifications as in Chollete et al. (2009) . Similarly to the conditional standard deviations, we found that the conditional correlations implied by the two models are quite similar. Notable differences are present in the first part of the sample for the pairs AAPL-WFC, XOM-WFC and AAPL-XOM, and just before the turbulent periods of 2000-2002 and 2007-2008 for the pair XOM-GE. Generally, we found that correlations between the considered asset have increased during our sample period with a remarkable upward trend concurrently to the crisis periods experienced by the US economy.
Out of sample analysis
To verify the ability of DAMMs to accurately predict the one step ahead conditional distribution of the considered panel of returns, we report an out of sample analysis based on a scoring rule. To this end, the last H = 1500 observations from the 2nd February, 2010 to the end of the sample are regarded as a validating sample and used to compare the considered models. We estimate the univariate and multivariate specifications detailed in the in sample analysis, then we perform a rolling one step ahead forecast of the conditional distribution of returns for the whole validating period. Models 
where F is the length of the in sample period and p m y T +s |θ m T +s is the one step ahead predictive distribution of model m at time F + s conditional on the information at time F + s − 1. To further confirm our findings, we also apply the Model Confidence Set (MCS) procedure of Hansen et al. (2011) to the series of negative log scores. 4 Table B .8 reports the log scores for the univariate specifications. We note that for AAPL and GE the model that reports the highest log score is the DAMM-uT, for XOM the best model is DAMM-uG, and for WFC the constraints specification DAMM-uT-ω. Concerning the SSM delivered by the MCS procedure, we found that for AAPL only 4 The MCS procedure is an iterative model selection algorithm that delivers the "Superior Set of Models" (SSM) for which the null hypothesis of Equal Predictive Ability (EPA) is not rejected at a certain confidence level. In our case the "predictive ability" at each point in time F + s, for model m, is measured by m F +s = log p m yF +s|θ m F +s , and the vector of "losses" , used to test the null of EPA at each iteration is given by˜ m = (− m F +s , s = 1, . . . , H) , see Hansen et al. (2011) for further details.
the DAMM-uT specification belongs to the set, for XOM it is given by {DAMM-uG, DAMM-uT, GARCH-T}, for WFC by {DAMM-uT,DAMM-uT-ω , GARCH-T} and for GE by {DAMM-uT , DAMM-uT-θ, DAMM-uT-ω} . Table B .9 reports the LS associated to the multivariate specifications detailed in Subsection 5.1.2. Also in this case we found that DAMM specifications outperform comparative GDCC specifications in terms of predictive accuracy of the one step ahead joint conditional distribution of the considered panel of returns. Indeed, the DAMM-tCop specification reports a log score of about -9222, while the LS associated to the best GDCC specification is only -9289.971. Furthermore, according the MCS test, the SSM for the multivariate specifications is given by {DAMM-gCop, DAMM-Mt, DAMM-tCop} and do not include any GDCC specification. To conclude our analysis we report an out of sample comparison between the DAMM-tCop specification and two of its restricted versions. In this way we want to investigate the benefits, in terms of predictive accuracy of the joint conditional distribution of returns, of having dynamic correlations and dynamic mixture composition. To this end, we introduce the DAMM-tCop-ω and the DAMM-tCopρ specifications, where theρ andω labels have the same meaning of Section 4.2. It is worth noting that all the three specifications are able to reproduce time variation in the second conditional moment of y t , but with different degree of flexibility. Furthermore, since we are modeling the conditional copula distribution of our panel of returns, the mixture weights only influence the dependence structure of the returns series and not the means and the variances. Indeed, the marginal conditional distributions of the series are the same for the three models and do not influence this part of the analysis. The sum of the predictive log scores for the DAMM-tCop-ω and the DAMM-tCop-ρ specifications are -9281.876 and -9243.246, respectively. Recalling that the sum of the predictive log scores for the DAMM-tCop specification is -9222.006, we found an improvement of about 60 and 21 points in terms of log scores for the DAMM-tCop versus the DAMM-tCop-ω and the DAMM-tCop-ρ specifications.
To further investigate the differences between the considered models, in Figure A .4 we report the one step ahead predicted correlations implied by the three DAMM copula specifications. We note that the correlations predicted by the DAMM-tCop-ω (red lines) are substantially different from those predicted by the DAMM-tCop (black lines) and DAMM-tCop-ρ (blue lines) specifications.
Interestingly, we found that the conditional correlations for the pair XOM-GE are very similar between those implied by the DAMM-tCop and the DAMM-tCop-ρ specifications. This is also true for the pair AAPL-XOM during the subperiod 2012/01-20013/12 and for the WFC-GE pair during the last part of the sample. The correlations for the pair XOM-WFC predicted by the DAMM-tCop-ρ specification are similar of that implied by the DAMM-tCop but display much lower variability. In all other cases the two conditional correlations are substantially different between the DAMM-tCop and the DAMM-tCop-ρ specifications. These results suggest that, the benefits of having time-variation in the mixture composition as well as in the mixture component correlation matrices, are higher in a fully multivariate framework, where more heterogeneity affects for the dependence structure of returns. Indeed, in our analysis with a panel of four returns, we found that for the majority of the cases, allowing for both time-varying mixture composition and mixture component correlation matrices, results in different predictions in terms of implied conditional correlation of the returns.
Probably, in a bivariate setting, the benefits of having time-varying mixture composition and timevarying mixture component correlation matrices would be much much lower in terms of flexibility of the implied conditional correlation dynamics. However, the prediction of other characteristics of the conditional distribution, as for example the tail dependence of the data during periods of market turmoil, can still benefit from a richer model parametrisation.
Conclusion
In this paper we introduced a new class of Dynamic Mixture Models, named Dynamic Adaptive Mixture Models (DAMMs). DAMMs are flexible tools for mixtures of distributions that dynamically update their composition as well as their components. The updating mechanism is based on the score of the conditional mixture distribution exploiting the recent advances for Score Driven models of Harvey (2013) and Creal et al. (2013) . DAMMs are first reparametrised in terms of auxiliary dynamic parameters using an adequate mapping function, then the processes for the auxiliary parameters are updated using the score of the reparametrised conditional mixture at each point in time. Finally, the parameters of interest are found by mapping the auxiliary parameters into the proper parameter space. DAMMs belong to the class of observation driven models (Cox et al., 1981) with the usual consequence of having the likelihood available in closed form. Hence, DAMMs can be easily estimated by Maximum Likelihood, see e.g. Blasques et al. (2015) . A Monte Carlo experiment revels that, the new proposed specification is able to adequately estimate the first two conditional moments as well as the dynamic mixture composition generated from highly nonlinear Stochastic Dynamic Mixture Models as well as several processes assumed for the conditional correlation and the mixture composition of conditional random variables. In the last part of the paper, we report an empirical application in financial econometrics where several univariate and multivariate DAMM specifications are estimated using a panel of financial returns. We found that DAMMs are usually preferred versus GARCH/DCC alternatives both in terms of in sample goodness of fit, and out of sample forecast ability of the marginal and joint conditional distribution. Indeed, we also found that, contrary to the competing models, the DAMM specifications always belong to the Superior Set of Models delivered by the Model Confidence Set of Hansen et al. (2011) under negative Log-Score losses. Furthermore, this holds for very high confidence levels. To conclude, we found DAMM very flexible and easy to handle, we believe they could be successfully employed in other relevant scientific applications such as graphical engineering, biology and spatio-temporal econometrics, where more complicated alternatives are usually employed. Table B .6: In sample Goodness-of-Fit test of Diebold et al. (1998) . The apexes "a", "b" and "c", denote the rejection of the null hypothesis of not significance of the corresponding parameter, at different confidence levels 1%, 5% and 10%.
See also Jondeau and Rockinger (2006) . Table B .9: Out of sample log score for all the considered multivariate specifications. The model that reports the highest log score is indicated in bold. Asterisks represent models that belong to the Superior Set of Models delivered by the MCS procedure with a probability higher then 95%
